1. Introduction. Let F (X, Y ) be an absolutely irreducible polynomial with integer coefficients of degree ≥ 2 such that the curve C defined by the equation F (X, Y ) = 0 is rational. Let Q be an algebraic closure of the field Q of rational numbers and Q(C) the function field of C over Q. Consider the valuation ring V ∞ of Q(X) consisting of all elements f (X)/g(X) such that deg f ≤ deg g. We denote by C ∞ the set of discrete valuation rings of
(a) C ∞ consists of one element and C(Z) has at least one simple point.
(b) C ∞ consists of two elements which are conjugate over a real quadratic field and C(Z) has at least one simple point. 2000 Mathematics Subject Classification: Primary 11D41; Secondary 11G30, 14H25.
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Thus it is natural to ask for an estimate for the size of the smallest simple integer point on a rational curve F (X, Y ) = 0 satisfying (a) or (b). The purpose of this paper is to provide such an estimate. Moreover, in the case where C ∞ has only two elements which are defined over Q or are conjugate over a complex quadratic field, we calculate a bound for the size of all integer points on the rational curve F (X, Y ) = 0.
Let d be the g.c.d. of the coefficients of F (X, Y ). We define the height H(F ) of F (X, Y ) to be the maximum of |f |/d over all the coefficients f of F (X, Y ). Finally, we set N = max{deg X F, deg Y F }. We prove the following results: In case (i) of Theorem 1.2, when the homogeneous part of higher degree of F (X, Y ) has the form a 0 (a 1 X +a 2 Y ) µ (a 3 X +a 4 Y ) ν , [2] and [24, Theorem 1] imply a sharper estimate. Similarly, in case (ii), when the homogeneous part of higher degree of F (X, Y ) has the form a 0 (a 1 X 2 + a 2 Y X + a 3 Y 2 ) ν with a 2 2 − 4a 1 a 3 < 0, we obtain from [15, Theorem 3] a sharper bound. Let F h (X, Y, Z) be the homogenization of F (X, Y ). We recall that the points (x : y : 0) of the projective plane with F h (x, y, 0) = 0 are called points of C at infinity. If the points of C at infinity, in cases (i) and (ii) of Theorem 1.2, are simple then the homogeneous part of highest degree of F (X, Y ) has the above form, respectively. The aforementioned theorems generalise the results of [4] and [20] on the smallest integer points of conics. Note that Theorem 2 of [4] shows that the existence of the exponential function in the bound of Theorem 1.2(iii) is inavoitable.
The present paper is organised as follows. In Section 2, we obtain an effective basis for the Riemann-Roch space of the divisor defined by the sum of elements of C ∞ . In Section 3, we give some lemmas which will be used for the proof of our results. Finally, Sections 4 and 5 are devoted to the proofs of Theorems 1.1 and 1.2, respectively.
Construction of a Riemann-Roch basis.
Let k be an algebraic number field of degree d. We consider the set of standard absolute values on Q containing the ordinary absolute value | · | and for every prime p the p-adic absolute value | · | p . If x = p r a/b, where a, b are integers not divisible by p, then by definition |x| p = p −r . We denote by M (k) the set of symbols v such that with every v ∈ M (k) there is associated precisely one absolute value | · | v on k which extends one of the above absolute values of Q. For every v ∈ M (k) we denote by d v the local degree of the absolute value | · | v . Thus for every a ∈ k \ {0} we have the product formula
Furthermore, we denote by M 0 (k) and M ∞ (k) the subsets of M (k) consisting of the symbols v such that | · | v is a nonarchimedean and archimedean absolute value, respectively. If x = (x 0 : . . . : x r ) is a point of the projective space P r (k) over k, then we define the field height H k (x) of x by
, we define the field height H k (G) and the absolute height H(G) of G as the field height and the absolute height of the point whose coordinates are the coefficients of G (in any order). If | · | v is an absolute value of k, then we let |G| v be the maximum of |g| v over all the coefficients g of G. For x ∈ P r (Q), there are relatively prime integers z 0 , . . . , z r such that x = (z 0 : . . . : z r ) and it follows that H(x) = max{|z 0 |, . . . , |z r |}. Thus the definition of the height of F (X, Y ) given in the Introduction is consistent with the above definition. For an account of the properties of heights see [23, Chapter VIII] or [7, Chapter 3] .
A k-system is a system {A v } v∈M (k) of real numbers such that A v ≥ 1, A v = 1 for all but finitely many v and A v lies in the value group of | · | v when | · | v is nonarchimedean. The field norm of such a system is defined to 
Proof. We may suppose, without loss of generality, that the coefficients of F (X, Y ) are relatively prime. A well-known theorem of Eisenstein asserts that there exist positive integers a 0 and a such that a 0 a j c j is an algebraic integer for all j. By [1] , we have
and a 0 = λa r , where λ is a positive integer with λ ≤ |α r |. Let K be the field generated by the coefficients c 0 , c 1 , . . . Since for every element σ∈Gal(Q/Q) we have a series y σ (X) = σ(c 0 )+σ(c 1 )X +. . . which is still a root of F (X, Y ), it follows that the degree of K is at most n.
For all but finitely many v ∈ M 0 (K), we have A v = B v = 1 and A v , B v lie in the value group of | · | v . Furthermore, the product formula gives
Following the method of [21] and using [10, Corollary 2], we obtain
Thus, given v ∈ M ∞ (K), we have
where
Finally, we conclude that the norms of the K-systems
Let F (X, Y ) be an absolutely irreducible polynomial with integer coefficients. We assume that F (X, Y ) is of degree m ≥ 1 in X and of degree n ≥ 2 in Y . We denote by C the curve defined by the equation
is a finite-dimensional vector space over Q (see [5] ). 
and
Proof. By the Riemann-Roch theorem, dim L(E) = r + 1. Theorem A2 of [22] implies that there are polynomials
such that the fractions g 1 (X, Y )/q(X), . . . , g r+1 (X, Y )/q(X) represent a basis of the space L(E). Furthermore, since the divisor E is defined over Q, Theorem B2 of [22] shows that we may take the polynomials g 1 (X, Y ), . . . , g r+1 (X, Y ) and q(X) to have integer coefficients. Replacing Lemma 21 of [22] by the above Lemma 2.1 and making all the necessary changes in the next lemmas, we deduce that the vectors δ 1 , . . . , δ n of Lemma 26 of [22] satisfy
n).
The equalities (A.5.6), (B.3.1) of [22] and the bound for H(δ i ) give the bound for H(g i ).
Let F Y (X, Y ) be the partial derivative of F (X, Y ) with respect to Y . We denote by R(X) the resultant of F (X, Y ) and F Y (X, Y ) with respect to Y . By [22, Lemma 4] , 
Finally, using the bound for H(R), we obtain
Auxiliary results.
In this section we give some results which will be used in the proofs of Theorems 1.1 and 1.2.
Lemma 3.2 ([7, Proposition 2.4, p. 57]). Let f and g be two polynomials in n variables with integer coefficients and deg
Lemma 3 
For every v ∈ M (Q) we have
where e(v) = 1 if | · | v is archimedean and e(v) = 0 otherwise. Thus the result follows.
where Θ is a point in the projective space with coordinates the coefficients of f (T ), g(T ) and h(T ).
Proof. Let | · | v be an absolute value of Q. Using Propositions 2.1 and 2.3 of [7, Chapter 3] , we obtain
where e(v) = 1 if | · | v is archimedean and e(v) = 0 otherwise. Thus
which yields the required result. 
which satisfy
, and so (a n , b n ) ≡ (1, 0) (mod M ), where n = s − j. It follows that for every integer i we have a in ≡ 1 (mod M ) and
Let (α, β) be a fundamental solution of the equation X 2 − δY 2 = A and k a positive integer such that
Write k = nq + m with 0 ≤ m < n. It follows that
Since a qn ≡ 1 (mod M ) and b qn ≡ 0 (mod M ), we find that
On the other hand, we deduce that the solutions (z i , w i ) of X 2 − δY 2 = A given by
, and so we obtain the required result.
Remark. For an account of the solutions of X 2 − δY 2 = A see [11] or [12] . Proof. This is a consequence of Runge's theorem about Diophantine equations (see [24] ). 
and The function t = f 2 lies in Q(C) and has only a pole at V of order 1. Thus Q(C) = Q(t). Let x and y be the coordinate functions on C. Since the only pole of x is at V , we see that x = A(t)/a, where a is a positive integer and A(t) a polynomial in t with integer coefficients. In view of our hypothesis, we may suppose that the homogeneous part of highest degree of F (X, Y ) has the form a 0 (a 1 X + a 2 Y ) n with a 2 = 0. It follows that y is an integral element over the ring Q[x], whence y has only a pole at V .
Thus, y = B(t)/b, where b is a positive integer and B(t) a polynomial in t with integer coefficients. Put Φ(X, Y, T ) = q(X)T − g 2 (X, Y )
. We denote by R 1 (X, T ) and R 2 (Y, T ) the resultants of Φ(X, Y, T ) and F (X, Y ), respectively, with respect to Y and X. Lemma 3.1 yields and y 1 = B h (s 1 , t 0 )/bt ν 0 , is a simple point on C. We have
and R 2 (y, t) = 0. It follows that aX −A(T ) and bY − B(T ) divide R 1 (X, T ) and R 2 (Y, T ), respectively. Using Lemma 3.2 we obtain H(aX − A(T )), H(bY − B(T )) < (5N
Hence, we obtain
Similarly, we deduce that the same bound is valid for |y 1 |. 
Proof of Theorem 1.2. Suppose that
, we may suppose that f 1 = 1. Further, we may suppose that the coefficients of each of the polynomials g i (X, Y ) (i = 2, 3) and q(X) are relatively prime. If for every i ∈ {2, 3} we have ord
it follows that the functions 1, f 2 , f 3 are Q-linearly dependent, which is a contradiction. Hence, for every j ∈ {1, 2} there is i ∈ {2, 3} such that ord V j (f i ) = −1. It follows that there are a, b, c, d ∈ {0, ±1} such that the functions f = af 2 + bf 3 and g = cf 2 + df 3 satisfy
Since f has poles only at V 1 and V 2 , we deduce that G 2 (g) is a constant. Thus f = AG 1 (g), where A ∈ Q. We have
Thus f = a 0 + a 1 g, with a 0 , a 1 ∈ Q, which is a contradiction. Hence f does not lie in Q(g). On the other hand, since the only poles of g are at V 1 and V 2 with order 1, we have [Q(C) : Q(g)] = 2. Therefore Q(C) = Q(f, g).
The functions 1, f, g, f g, f 2 , g 2 lie in the space L(2V 1 + 2V 2 ). By the Riemann-Roch theorem, the dimension of L(2V 1 + 2V 2 ) is equal to 5. It follows that there are b i ∈ Q (i = 1, . . . , 5) such that
Since f does not lie in Q(g), it follows that the polynomial
is irreducible over Q. For any σ ∈ Gal(Q/Q) we put
We consider the polynomials
and denote by R 1 (X, Z), R 2 (X, T ) the resultants of Φ 1 (X, Y, Z), Φ 2 (X, Y, T ), respectively, with F (X, Y ) considered as polynomials in Y . Since the functions f and g are not zero, we have R i = 0 (i = 1, 2). Using Lemma 3.1 and the bounds for the degrees and heights of g i (X, Y ), we deduce that
It follows that for every x, z ∈ Q with A(x) = 0, there is y ∈ Q such that Φ 1 (x, y, z) = 0 and F (x, y) = 0. Thus we have finitely many values for x and y and finitely many for z, which is a contradiction. Hence the polynomial S(Z, T ) is not zero. Furthermore, deg S < 9N 4 . By Lemma 3.1, we obtain
Now, if we denote by x and y the coordinate functions on the curve C we have F (x, y) = 0, Φ 1 (x, y, f ) = 0 and Φ 2 (x, y, g) = 0. It follows that R 1 (x, f ) = 0 and R 2 (x, g) = 0 and so S(f, g) = 0. Thus we deduce that the polynomial G(X, Y ) divides S(X, Y ). So Lemma 3.2 yields
be two irreducible polynomials with relatively prime integer coefficients such that I 1 (x, f ) = 0 and I 2 (x, g) = 0. Since the only poles of f and g are at V 1 and V 2 , it follows that
and so, using Lemma 3.2, we obtain
Put f = β 1 f and g = β 2 g. The functions f and g are integral elements over the ring
On the other hand, the functions f and g satisfy the equation
We denote by K the conic defined by the equation G (f , g ) = 0. Since K is irreducible, it follows that K is smooth and so the discrete valuation rings of Q(C) are the local rings O P at the points P of K.
We have the following three cases:
Case 1: V 1 and V 2 are defined over Q. Then V 1 and V 2 are the local rings at the points P 1 and P 2 of K which are at infinity. Hence, P 1 and P 2 are defined over Q. It follows that γ 2 2 −4γ 1 γ 3 is a nonzero perfect square. Let
On the other hand, f (u, v) = β 1 f (u, v) and R 1 (u, f (u, v)) = 0. By Lemma 3.4, we obtain
Using the bounds for the quantities H(R 1 ),
Similarly, we deduce the same bound for |v|. 
In the second case, if a 1 = 0 or a 3 = 0, then V 1 and V 2 are defined over Q, which is a contradiction. Hence a 1 = 0 and a 3 = 0. So interchanging the roles of X and Y if necessary, we may suppose that N = n. Thus n = deg F ≥ 3. We denote by e i the ramification index of 1/x in V i . Since V 1 and V 2 are conjugate, we have e 1 = e 2 = n/2. So n is even, whence N = n ≥ 4.
The poles of the function x are at V 1 and V 2 which are the local rings of the points of K at infinity. Thus x ∈ O P for every P on K which is not at infinity, whence x is regular on K. On the other hand, f, g ∈ Q(C). It follows that the fixed field of Q(C) = Q(f, g) under the action of the Galois group Gal(Q/Q) is Q(C) = Q(f, g). Hence, x is a regular function of Q(f, g). From our hypothesis that the curve C has a simple integer point, we infer that C has infinitely many points defined over Q and therefore the conic G(f, g) = 0 has a point defined over Q. By Lemma 3.5, there is a point P on the projective closure of G(f, g) = 0 with coordinates over Q satisfying
Further, the fact that V 1 and V 2 are conjugate over a real quadratic field k implies that the points at infinity of the projective closure of G(f, g) = 0 are not defined over Q. Hence, P is not at infinity. Thus Lemma 3.6 shows that the conic G(f, g) = 0 has the parametrization
Since the only poles of f and g are at V 1 and V 2 which are conjugate over k, it follows that deg f 3 = 2 and the two roots of f 3 (T ) are distinct and conjugate over k. Now, replacing f and g in x = A(f, g)/a and y = B(f, g)/b by f 1 (t)/f 3 (t) and f 2 (t)/f 3 (t), respectively, we see that there are
where p and q are positive integers. We have
Since x and y have no other poles than V 1 and V 2 , we deduce that deg A 1 ≤ N and deg B 1 ≤ m. Moreover, we may suppose, without loss of generality, that the coefficients of each of the polynomials A 1 (T ) − aXf 3 (T ) p and B 1 (T ) − bY f 3 (T ) q are relatively prime.
We denote by R 3 (X, Z, T ) and R 4 (Y, Z, T ) the resultants of Φ 1 (X, Y, Z) and Φ 2 (X, Y, T ), respectively, with respect to Y and X. Lemma 3.1 gives
and M = max 0≤i≤µ {deg R i }. We set
where R 3,i,h (Z, T, U ) is the homogenization of R 3,i (Z, T ). By Lemma 3.7, the height of the polynomial
where Θ is a point in the projective space with coordinates the coefficients of f 1 (T ), f 2 (T ) and f 3 (T ). Since
we get
Combining the bounds for H(R 3 ), H(G) and H(R 3 ), we deduce that
Suppose that f 3 (T ) = αT 2 + βT + γ. Setting u = 2αt + β, we obtain
where L i (U ) (i = 1, 2, 3) are polynomials with integer coefficients and
The two roots of f 3 (T ) are distinct and conjugate over k. Hence the integer
is positive. Since N ≥ 4, we have
Furthermore,
It is easily seen that at least one of the L i (U ) (i = 1, 2) is not a constant. So, we may suppose that deg L 1 > 0. We put
where where Ω is a point in a projective space having as coordinates 1 and the coefficients of L 1 (U ) and aL 3 (U ) (in any order). Since the coefficients of aL 3 (U )X − L 1 (U ) are relatively prime integers, we have
According to our assumptions, there is a simple integer point (x 0 , y 0 ) on C. By Lemma 3. Finally, Lemma 3.4 implies the result.
